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Abstract  A nonlinear open-plus-closed-loop (NOPCL) control strategy is proposed in this paper 
to entrain complex dynamic systems to arbitrarily given goal dynamics. It contains nonlinear closed-loop 
control actions as well as nonlinear open-loop control actions. Compared to the existing open-plus-closed-
loop (OPCL) control, the NOPCL control usually results in much simpler error equations that determine 
the basins of entrainment of the controlled dynamic systems. For a large number of dynamic systems such 
as the Lorenz, Rossler, Duffing, Van der Pol, and Chua systems, the NOPCL control is shown to have 
global basins of entrainment for arbitrarily given goal dynamics. 
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1. Introduction 
The control of the complex systems characterized by  
dx dt F x t x R
n/ ( , ),= ∈ ,                                                             (1) 
has been studied for a long time in control theory. Recently, this control problem has again 
received increasing interests as it relates to chaos control, an effective means of both chaos 
utilization and elimination (or suppression).  
There have been quite a few chaos control methods [1]. These methods can be classified 
into two main streams. One stream is to control chaos via parameter perturbations. A 
representative method of this stream is the method proposed by Ott, Grebogi and York (OGY) [2]. 
Based on the geometric observation that an infinite number of unstable periodic orbits (UPOs) are 
densely embedded within a strange attractor, the OGY method introduces small perturbations to an 
accessible system parameter to stabilize UPOs embedded in its chaotic attractors. Another stream 
of the chaos control is to control the system behaviors by introducing an additive force to the 
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systems. There has been a great deal of researches related to this subject, say Pyragas [3], Chen and 
Dong [4,5], Fradkov [6], Hubler and Luscher [7], Jakson and Grosu [8], Tian [9], etc. By 
extending the results of open-loop control developed by Hubler and Luscher [7], Jackson and 
Grosu proposed an open-plus-closed-loop (OPCL) additive control strategy to entrain non-chaotic 
systems as well as chaotic systems to arbitrary goal dynamics [8]. This paper addresses the 
entrainment control of complex dynamic systems [7,8,10-12]. A nonlinear open-plus-closed-loop 
(NOPCL) control strategy that outperforms the existing entrainment control strategies will be 
proposed in this paper to entrain complex dynamic systems to arbitrarily given goal dynamics. 
Before considering details of the entrainment control, let us briefly discuss the design and 
synthesis of control law for dynamic systems. Controlling a system implies to introduce a suitable 
control action or force into the system such that the system behaves with desired dynamics. So far, 
there have been a large number of control methods successfully applied to various systems. To 
meet the performance requirement of a control system, the control action may be a perturbation on 
an accessible parameter or an additive force. It may be small or large (but bounded by energy and 
safety limitations), linear or nonlinear (feedback), model based or process based, adaptive or non-
adaptive, etc. Also, at steady state, the control action may vanish or still work according to the 
designed control law. In other words, the objective of designing and synthesizing a control system 
with certain constraints is to obtain desired system performance; the control action serves this 
objective. 
In the control of complex chaotic systems, OGY [2] presented a surprising result that 
indicates the possibility to control chaos via a small control action. Turning chaos in a system into 
a benefit, the OGY method makes it possible to design a dynamic system with flexible behaviors. 
Since the publication of the OGY method, chaos control via small control force has been 
extensively studied and successfully applied to a number of systems. However, there is no 
evidence that this type of control can be applied to general dynamic systems including chaotic and 
non-chaotic systems, which are discussed in this paper. It has been recognized that this type of 
control  
1) requires that the system to be controlled is ergodic;  
2) does not work until the system state “randomly” moves to the neighborhood of the desired 
dynamics; and  
3) cannot accommodate large disturbances and/or noises.  
As a result, it generally takes a long time to stabilize an UPO embedded in the chaotic attractor for 
an arbitrary initial condition. In the worst case, it may take an infinitely long time to stabilize the 
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UPO. Even though the system control with a long transient process may be meaningful from both 
physical and mathematical points of view, it is unacceptable for control scientists because of the 
poor system performance in the long transient process. The control methods other than those via 
small control action are then judged to be necessary for dynamic systems with non-chaotic 
dynamics or with large disturbances and/or noises. They also outperform those via small control 
action if a fast transient process is required for an arbitrary initial condition. They are, therefore, 
dominant in practical industrial control systems. 
Entrainment control of dynamic systems [7,8,10-12] is such a control method that employs 
an additive control force and does not limit this force to be small. It is suitable for general dynamic 
systems including chaotic and non-chaotic systems. An outline of the entrainment control is given 
in the next section. 
 
2. Entrainment Control 
Let u denote the additive control action. Introducing u into the dynamic systems (1) yields 
dx dt F x t u t/ ( , ) ( )= +  .                                                             (2) 
The control problem is to find a control function u∈Rn such that the system state x is entrained to 
arbitrarily given goal dynamics g(t), i.e.,  
[ ] 0)(lim)()(lim ==−
∞→∞→
tetgtx
tt
,                                                   (3) 
where e is the error between x and g 
e = x - g.                                                                       (4) 
It has been known that the control action can only be initiated when the initial condition of x is in 
the basin of entrainment [8,10]. The basin of entrainment associated with t0 and g(t) is defined by  
 0||)(||lim | )()|( 00






==
∞→
tetxtgBE
t
.                                              (5) 
An open-loop control strategy was originally proposed by Hubler and Luscher to solve the 
above control problem [7]. It was then extended by Jackson and Grosu to form an OPCL control 
[8]. They proved that if F(x, t) in equation (2) is everywhere Lipshiz, then for an arbitrary smooth 
goal function g(t), there exists a control function u t S t K g x t( ) ( ) ( , , )= , where S(t) is some switching 
function satisfying  
S t t t S t t t( ) ; ( )= < ≤ ≤ ≥0 10 0  f or    0   f or  ,                                             (6) 
K(g, x, t) is linear in x(t), such that none of the basins of entrainment associated with g are empty 
sets. The OPCL control strategy proposed by Jackson and Grosu is of the form 
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dt
dg
tStu ,                                           (7) 
where S(t) is a suitable scalar switching function satisfying equation (6), the matrix C(g, t) is given 
by 
C g t
dF g t
dt
A( , )
( , )
= − ,                                                         (8) 
and A is a constant matrix, A = [aij]n×n, whose eigenvalues have negative real parts. The 
introduction of S(t) is to ramp in the control action in order to protect the system from transient 
violent responses [11].  
Substituting equations (7) and (8) into the control system (2) and letting S(t) = 1 yield the 
following error equation 
eA
dg
tgdF
tgFtgeF
dt
de






−−−+=
),(
),(),( .                                   (9) 
Expanding F(e+g, t) in the above equation (9) for small e yields a linear approximation 
de dt Ae/ ≈ .                                                          (10) 
The above equation (10) is asymptotically stable at e = 0 since all the eigenvalues of A have 
negative real parts. This implies that the basin of entrainment of the OPCL control is not an empty 
set. With the OPCL control, Jackson and Grosu proved that the basins of entrainment are global 
for the Duffing and Van der Pol equations provided g(t) can be exponentially bounded, and for the 
Lorenz and Rossler systems for any finite g(t) [8]. However, as discussed by Jackson and Grosu 
[8], the basin of entrainment for the Chua system is rather complicated; it is dependent on the goal 
dynamics g(t). To alleviate the limitations of the OPCL control, a nonlinear open-plus-closed-loop 
(NOPCL) control strategy will be proposed in the next section to entrain complex dynamic systems 
to arbitrary goal dynamics. The NOPCL control will be shown to have global basins of entrainment 
for a large number of dynamic systems including the Chua system.  
 
3. Nonlinear Open-Plus-Closed-Loop (NOPCL) Control 
Reconsider the error equation (9) for the OPCL control. Expanding F(e+g, t) for small e 
and retaining higher-order derivatives yield the following nonlinear approximation  
de
dt
a e
F g t
g g
e e
F g t
g g g
e e e i ni ij
j
n
j
i
j k
j k
j k
n
i
j k lj k l
n
j k l= + + + =
= = =
∑ ∑ ∑
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2
1
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1
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∂
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( , )
!
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..., , ,...,
, , ,
,           (11) 
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where A a a ai i i in= [ ]1 2  ...  is the ith row vector of the matrix A, i = 1, 2, ..., n. It is thus clear that for 
system dynamics, F(x,t), with second degree polynomials, we have a precise relation independent 
of g 
de
dt
A e e F g t e i ni i
T
i= + ∇ =
1
2
1 22 ( , ) , , ,...,  ,                                        (12) 
where ∇2 F g ti( , ) is the Hessian matrix of Fi(g, t), i = 1, 2, ..., n. But for systems with non-zero 
third-order and/or higher-order derivatives, the resulting error equation (11) depends on g. The 
stability analysis of the error equation and the determination of the basin of entrainment are thus 
difficult. A typical example of this situation is the Chua system [8]. 
Now a nonlinear open-plus-closed-loop (NOPCL) entrainment control strategy is proposed 
as 






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
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
−= ),,(),(),()()( txgNetgCtgF
dt
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tStu ,                                  (13)  
where S(t) is a suitable scalar switching function satisfying equation (6), C(g, t) is defined by 
equation (8), i.e., C g t
dF g t
dg
A( , )
( , )
= − , A is a constant and negative definite matrix A aij n n= ×( )  as 
defined previously, N(g, x, t)∈Rn is the nonlinear closed-loop control action whose ith element, 
Ni(g, x, t), is given by 
        N g x t
F g t
g g
e e
F g t
g g g
e e ei
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j k
j k
j k
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   ,                                (14) 
where m is an order parameter of the nonlinear closed-loop control action. The simplest Ni(g, x, t) 
is  
N g t e F g t e i ni
T
i( , ) ( , ) , , ,...,= ∇ =
1
2
1 22  ,                                                (15) 
which corresponds to m = 2. 
Substituting equations (13) and (14) into the control system (2) and letting S(t) = 1 leads to  
nitxgNeA
dg
tgdF
tgFtexF
dt
de
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i
ii
i ,...,2,1  ),,,( 
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),(),( =−
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
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
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−−−+= ,                (16) 
where Ni(g, x, t) is defined by equation (24). Expanding F(e+g, t) in the error equation (16) for 
small e yields the following nonlinear approximation 
de
dt
A e
m
F g t
g g g
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n
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which is linearly stable at e = 0. So, we have the following results.  
Theorem 1: In the control system (2), let g(t) be an arbitrary smooth goal. If F(x, t) is 
everywhere Lipshitz, then with the OLPNCL control strategy defined by equations (13) and (14), 
where S(t) is a scalar switching function satisfying equation (6), none of the basins of entrainment 
associated with g(t) and t0 are empty sets. 
 
4. Basins of Entrainment 
The basins of entrainment of the NOPCL control is discussed in this section for a number 
of dynamic systems such as Lorenz, Rossler, Duffing, Van der Pol, and Chua systems [8]. The 
constant and negative definite matrix A defined previously is limited to a diagonal matrix  
niaaaaA iinn ,...,2,1for  0 ), ..., , ,(diag 2211 =<=                                     (18) 
for simplicity. 
The Lorenz and Rossler systems, which have second degree polynomials, are considered 
first. They are respectively described by  
Loren z:  dx dt F x x x x x
dx dt F x x x rx x x x
dx dt F x x x x x bx
1 1 1 2 3 1 2
2 2 1 2 3 1 2 1 3
3 3 1 2 3 1 2 3
/ ( , , ) ( ),
/ ( , , ) ,
/ ( , , ) ,
= = − −
= = − −
= = −
σ
                                          (19) 
and  
Rossler:  dx dt F x x x x x
dx dt F x x x x ax
dx dt F x x x b x x c
1 1 1 2 3 2 3
2 2 1 2 3 1 2
3 3 1 2 3 3 1
/ ( , , ) ,
/ ( , , ) ,
/ ( , , ) ( ).
= = −
= = +
= = + −
                                            (20) 
For these two systems, all the third-order partial derivatives are equal to zero. With the NOPCL 
control in which m is taken to be 2, we have 
Lorenz:    ,  
Rossler:    0,  
N g x t e e e e
N g x t e e
T
T
( , , ) [ , ] ,
( , , ) [ , ] .
= −
=
0
0
1 3 1 2
1 3
                                                 (21) 
For both the Lorenz and Rossler systems, the error equation (16) reduces to 
de dt a e ii ii i/ , , ,= =  1 2 3.                                                               (22) 
This error equation is simpler than that for the OPCL control [8] and has the solution of ei = 
exp(aiit), i = 1, 2, and 3. It is thus globally stable at e = 0 for an arbitrary g(t) and the norm of the 
error, ||e||, decreases exponentially. So, we have the following result. 
Theorem 2: With the NOPCL control in which m is taken to be 2, the basins of 
entrainment of the Lorenz and Rossler systems are global for arbitrarily given goal dynamics g(t), 
and ei = exp(aiit) for i = 1, 2, and 3. 
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Now the Duffing and van der Pol systems with third degree polynomials are considered. 
They are respectively characterized by second-order differential equations 
D uf f ing:  dx dt F x x x
dx dt F x x x x x
1 1 1 2 2
2 2 1 2 1 1
3
2
/ ( , ) ,
/ ( , ) ,
= =
= = − − − µ
                                        (23) 
and 
Van der Pol: dx dt F x x x
dx dt F x x x x x
1 1 1 2 2
2 2 1 2 1 1
2
21
/ ( , ) ,
/ ( , ) ( ) .
= =
= = − + −
                                    (24) 
For these two systems, all the fourth-order partial derivatives are equal to zero. The control 
parameter m is thus taken to be 3 in the NOPCL control. It follows that 
[ ]
[ ] .2  ,0),,(  :der Pol Van
,3  ,0),,(  :Duffing
2
2
1211
2
12
3
1
2
11
T
T
eeeegegtxgN
eegtxgN
−−−=
−=
                               (25) 
For both the Duffing and Van der Pol systems, the error equation (16) is simplified to 
de dt a e ii ii i/ , ,= =  1 2                                                             (26) 
which is independent of g(t) and has the solution of ei = exp(aiit), i = 1 and 2. Similar to the above 
theorem 2 for the Lorenz and Rossler systems, the following results can be easily obtained. 
Theorem 3: With the NOPCL control in which m is taken to be 3, the basins of 
entrainment of the Duffing and Van der Pol systems are global for arbitrarily given goal dynamics 
g(t), and ei = exp(aiit) for i = 1 and 2. 
At last, the Chua system is considered. With the OPCL control, the determination of the 
basin of entrainment of the Chua system is rather complicated [8]. In contrast, the NOPCL control 
gives global basin of entrainment. The Chua system is described by [8] 
[ ]
),(),,(/
,),,(/
,)(),,(/  :Chua
3232133
32132122
11232111
xxxxxFdtdx
xxxxxxFdtdx
xfxxxxxFdtdx
γβ
α
+==
+−==
−−==
                                        (27) 
where f(.) is a nonlinear function, which was originally designed to be piecewise linear. For the 
present purpose f(.) is taken to be a smooth function [8] 
[ ]1)()()( 22121111 −++= ξλξλ xxxf .                                            (28) 
All the fourth-order partial derivatives of the above Chua system are equal to zero. The control 
parameter m is thus taken to be 3 in the NOPCL control, yielding 
Chua:    ,   N g x t g e e T( , , ) [ ( ) , ]= − + + −αλ λ ξ ξ αλ λ1 2 1 1 2 12 1 2 133 2 0 0 .                  (29) 
The error equation (16) becomes 
de dt a e ii ii i/ , , ,= =  1 2 3,                                                         (30) 
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which is the same as equation (22) for the Lorenz and Rossler systems. Thus, we have the 
following results similar to theorem 2 for the Lorenz and Rossler systems. 
Theorem 4: With the NOPCL control in which m is taken to be 3, the basin of entrainment 
of the Chua system is global for arbitrarily given goal dynamics g(t), and ei = exp(aiit) for i = 1, 2, 
and 3. 
It is noted that the basin of entrainment of the Chua system with NOPCL control is retained 
to be global for αλ λ1 2 0>  even if the control parameter m is reduced to 2. In this case, the 
nonlinear control action becomes  
[ ]TegtxgN 0  ,0  ,)23(),,(  :Chua 2121121 ξξλαλ ++−= ,                              (31) 
and the error equation (16) reduces to one independent of g(t) 
3,2  ,  , 3121111
1
==−= iea
dt
de
eea
dt
de
iii
iλαλ ,                                     (32) 
which is simpler than the error equation of the OPCL control [8] but more complicated than the 
error equation (30) for the NOPCL control with m = 3. For αλ λ1 2 0> , a Lyapunov function is 
constructed as 0
2
1 ≥= eeV T . Taking into account the definition of the diagonal matrix A in 
Equation (18), we have 0
4
121
3
1
2 ≤−== ∑
=
eea
dt
de
e
dt
dV
i
iii
T λαλ . The equalities in the expressions of 
V and dV/dt hold if and only if ||e|| tends to zero. The error equation (32) is thus globally stable at e 
= 0. This implies that with the NOPCL control in which m is taken to be 2, the basin of 
entrainment of the Chua system is global.  
 
5. Discussions and Conclusions 
It has been noted that for general dynamics, F(x, t), with pth degree polynomials, the 
NOPCL control with m = p − 1 gives the following error equation 
de
dt
A e
p
F g t
g g g
e e e i ni i
p
i
j k qj k q
n
j k q= + =
=
∑
1
1 2
1!
( , )
...
... , , ,...,
, ,...,
∂
∂ ∂ ∂
 
  ,                     (33) 
which is independent of g(t). If m is taken to be m ≥ p, the error equation (16) reduces to one 
independent of g 
de/dt = Ae.                                                                (34) 
The corresponding basin of entrainment is global.  
In conclusion, a NOPCL control strategy has been proposed in this paper. It has been 
shown to have non-empty basins of entrainment for any smooth goal functions and dynamic 
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systems. The error equation of the NOPCL control is usually simpler than that of the existing 
OPCL control. Therefore, the stability analysis of the error equation and the determination of the 
basin of entrainment become easier. For a large number of dynamic systems such as the Lorenz, 
Rossler, Duffing, Van der Pol, and Chua systems, the basins of entrainment of the NOPCL control 
have been shown to be global. The NOPCL control is, therefore, an effective strategy for 
entraining complex dynamic systems to arbitrary goal dynamics. 
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